We study homological quantum field theories HLQFT in dimension two. We show that one can associate a two dimensional HLQFT with any B-field defined on an connected oriented smooth manifold. We construct membrane homology groups H(M ) associated with each compact connected oriented smooth manifold.
Introduction
In this paper we continue our research of homological quantum field theories HLQFT initiated in [3] focusing our attention in the two dimensional situation. Our definiton of HLQFT is based upon several related sources.
• Category Cob d of d dimensional cobordisms. In [11] and [12] , René Thom introduced the category Cob d of d dimensional cobordisms whose objects are boundaryless compact oriented smooth manifolds. Morphisms from N 1 to N 2 in Cob d are of two types: 1) A diffeomorphism from N 1 to N 2 . 2) A compact oriented manifold with boundaries M (cobordism) together with a diffeomorphism from (N − 1 ⊔ N 2 ) × [0, 1) onto an open neighborhood of ∂(M ). The later kind of morphisms are considered up to diffeomorphisms. It is is ususally assumed that both morphisms and objects are provided with additional data which pull backs under embeddings. In this case all diffeomorphisms involved in the definition of morphisms should preserve the additional data. Composition of morphisms is given by composition of diffeomorphisms and by amalgamated sum of cobordisms.
• Monoidal representations of Cob d . Gradually it has become clear that the geometric background for the mathematical understanding of quantum fields is given by monoidal representations of the category of cobordisms, i.e., monoidal functors F : Cob d → vect. 1 Different types of field theories correspond with different types of data on the objects and morphisms of the cobordisms category. Some of the most relevant types of theories from this point of view are the following: 6)Topological quantum field theory TQFT. This sort of theory was the first to be described within the framework of monoidal representations of Cob d by Atiyah in [1] . Topological quantum field theories are monoidal functors F : Cob d → vect.
5)
Homotopical quantum field theory HQFT. This sort of theory was defined by Turaev in [13] and [14] as follows. Fix a compact connected smooth manifold M . The category HCob M d of homotopically extended cobordisms in M is such that its objects are d − 1 dimensional smooth compact manifolds N together with a homotopy class of maps f : N → M . A morphisms in HCob M d from N 0 to N 1 is a cobordism P connecting N 0 and N 1 together with a homotopy class of maps g : P → M such that its restriction to the boundaries gives the homotopy classes associate with the boundaries. A homotopical quantum field theory is a monoidal functor F : HCob M d → vect. • String topology. Chas and Sullivan in their seminal paper [5] showed that the homology of the space of free loops on compact connected oriented manifolds, after a degree shift, carries the structure of a Batalin-Vilkovisky algebra. The key fact is that in order to define the loop product as well as the △ operator and the bracket a sort of intersection product on the homology of infinite dimensional manifolds is required.
Cohen and Jones, see [6] , [7] and [8] , showed that the construction of generalization of the intersection product for certain infinite dimensional manifolds can be reduced to the construction of the so called "umkehr" map F ! : H(N ) −→ H(M) for a smooth map F between infinite dimensional manifolds N and M. Moreover they proved that the umkehr map exists if F is a regular embedding of finite codimension, which occurs if F fits into a pullback square
such that N and M are finite dimensional manifolds, f is an embedding and q is a fiber bundle. In this paper we use this fundamental fact repeatedly. We shall refer to it as the Cohen and Jones technique. For example the loop product on the homology of free loops in M is constructed from the pullback diagram
which is used to construct the loop product • given by the composition of maps
where k is the Künneth isomorphism and i : LM × M LM −→ LM maps a pair of loops starting at the same point in M to the loop that runs trough the first loop in half the time and then runs trough the second loop in the other half.
• Brane topology. Using the cactus operad and techniques similar to the ones outlined above Voronov and Cohen in [15] and [6] proved that the homology of the space M S n of n dimensional spheres in M is a differential graded twisted Poisson algebra with the commutative associative product of the degree 0 and with the Lie bracket of degree (1−d) in the case of odd d ≥ 3; and a differential graded twisted Gerstenhaber algebra with the commutative associative product of the degree 0 and with the Lie bracket of degree (1−d) in the case of even d ≥ 2. A different proof of this result may be found in [4] .
The goal of this paper is to study homological quantum field theories using the Cohen and Jones technique. We focus our attention in the two dimensional case which admits an alternative simpler description. The notion of homological quantum field theory in dimension two lead us naturally into the idea of membrane topology which deals with the algebraic structure present in the spaces of maps from surfaces into a compact connected oriented manifold M .
Homological quantum field theory
We denote by D(M ) the set of connected oriented embedded submanifolds of M. By convention the empty set is assumed to be a n-dimensional manifold for all n ∈ N. π 0 (M ) denotes the set of connected components of the manifold M. The completion of a manifold M is defined to be M = c∈π 0 (M ) c.
We construct the category Cob M d whose objects are triples (N,
) is the set of triples (P, α, c) such that
• P is a compact oriented d-manifold with boundaries.
• α :
∂P is such that α| N 0 reverses the orientation and α| N 1 preserves the orientation.
where M P f 0 ,f 1 denotes the set of smooth maps g : P → M such that g is constant on a neighborhood of each connected component of its boundary ∂P.
are equivalent according to ∼ if and only if there exists an orientation preserving diffeomorphism ϕ : P 1 → P 2 such that ϕ • α = α ′ and ϕ ⋆ (ξ) = ξ ′ . Assume we are given
The composition morphism
the product • appearing in the formula c • d. It is constructed from the pull back diagram
as the composition of maps
sends a pair (x, y) into the map i(x, y) : P ⊔ N 1 Q −→ M whose restriction to P is x and whose restriction to Q is y. Given monoidal categories C and D we denote by MFunc(C, D) the category of monoidal functors from C to D. We are finally ready to introduce our main definition. 
which induces the desired map through the compositions
Using techniques similar to those of Cohen and Jones in one obtains Theorem 4. H defines a restricted homological quantum field theory.
One dimensional homological quantum field theory
Although the main subject of this paper is to study HLQFT in dimension two we included in this section results on HLQFT in dimension one as motivation. The interested reader may consult [2] for further applications of HLQFT in dimension one. 
and a map i : These maps allow us to construct the map • :
Objects in the open string category are embedded submanifolds of M . The graded vector space of morphisms between objects N 0 and N 1 is H(M I N 0 ,N 1 ). Compositions are given by the product • defined above. Figure 3 shows an example of morphisms composition in the category of open strings. For n ∈ N we set [n] = {1, · · · , n}. An object f in Cob M 1,r is a map f : [n] → D(M ) for some n ∈ N + . We use the notation f be i∈ [n] f (i). The space of morphisms in Cob 1,r from f to g is
H(P (f (i), g(σ(i)))).
Composition of morphisms in Cob M 1,r is given by the composition of maps
H(P (f (i), g(σ(i)))) ⊗ n j=1 H(P (g(j), h(τ (j)))) s σ,τ ∈Sn
H(P (f (i), g(σ(i)))) ⊗ H(P (g(σ(i)), h(τ (σ(i)))))
The map s permutes the order in the tensor product.
Let G a compact Lie group and π : P → M a principal G bundle over M . Let A P denote the space of connections on P and Λ ∈ A P . If γ : I → M is a smooth curve on M and x ∈ P is such that π(x) = γ(0), then we let P Λ (γ, x) be γ(1) where γ is the horizontal lift of γ with respect to Λ such that γ(0) = x.
Our next goal is to construct a map H : A P → HLQFT 1,r (M ), i.e., for each connection Λ ∈ A P we construct a functor H Λ : Cob M 1,r → vect given on an object f by
where P | f (i) denotes the restriction of P to f (i) ⊆ M and P | f = i∈[n] P | f (i) . One gets the following result. In order to define H Λ : Cob M 1,r (f, g) −→ Hom(H(P | f ), H(P | g )) we construct the adjoint map
The pullback diagram
allow us to define the desired map through the compositions
Two dimensional homological quantum field theory
Let M be a compact oriented smooth manifold. Following Segal [9] we define a B field 3 as a complex Hermitian line bundle L over the space M S 1 equipped with a string connection. A string connection is a rule that assigns to each surface with boundaries Σ and each map y : Σ −→ M a transport operator
where we have used the extensions of L to (M S 1 ) n defined by the rule L (x 1 ,...,xn) = L x 1 ⊗...⊗L xn .
The assignment y −→ B y is assumed to have the following properties
• It is a continuous map taking values in unitary operators. Therefore we have induced maps B y : L 1 ∂(Σ) − −→ L 1 ∂(Σ) + between the corresponding circle bundles. • It is transitive with respect to the gluing of surfaces.
with m incoming boundary components and n outgoing boundary components. We restrict our attention to connected surfaces Σ.
Definition 7. For integers n, m ≥ 1 we let Σ m n,g be a Riemann surface of genus g with n incoming numbered marked points and m outgoing numbered marked points.
We define the space M Σ m n,g to be the space of smooth maps x : Σ m n,g −→ M constant in a neighborhood of each marked point. If Σ is a genus g surface with n incoming boundaries and m outgoing boundaries, then the spaces M Σ and M Σ m n,g are homotopically equivalent and therefore H(M Σ ) = H(M Σ m n,g ). Figure 4 below illustrates the fact that we can work with compact connected surfaces with marked points instead of working with surfaces with boundaries. Let us introduce an algebraic notion.
Definition 8. An algebra (A, m) is said to be matrix graded if
A m n .
• m : A m n ⊗ A k m → A k n .
• m | A m n ⊗A k p = 0 if p = m.
We are ready to define the membrane homology H(M ) of a compact oriented manifold M . shown in Figure 7 . Putting all together we have shown the following result. 
